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Abstract—A major problem in oversampling digital-to-analog
converters and fractional-IN frequency synthesizers, which are
ubiquitous in modern communication systems, is that the noise
they introduce contains spurious tones. The spurious tones are the
result of digitally generated, quantized signals passing through
nonlinear analog components. This paper presents a new method
of digital requantization called Successive Requantization, special
cases of which avoids the spurious tone generation problem.
Sufficient conditions are derived that ensure certain statistical
properties of the quantization noise, including the absence of
spurious tones after nonlinear distortion. A practical example is
presented and shown to satisfy these conditions.

Index Terms—Dither techniques, nonlinearities, quantization.

I. INTRODUCTION

VERSAMPLING digital-to-analog converters (DACs)

and fractional- N phase-locked loops (PLLSs) are each en-
abling components in modern communication systems [1]-[3].
In both components, a digital delta-sigma AYX) modulator,
ie,alA



SWAMINATHAN et al.: DIGITAL REQUANTIZER WITH SHAPED REQUANTIZATION NOISE

5383

Fig. 1. (a) High-level block diagram of the successive requantizer. (b) Quantization block details. (c) Signal processing model.

Moreover, inevitable nonideal analog circuit behavior generally
causes nonlinear distortion. The distortion can be any nonlinear
function, but for almost all practical applications can be repre-
sented by a memoryless, truncated power series. This gives rise
to components in the output waveform corresponding to ?[n]
for 1 3 ... hs,and P[n] for 1 3... h,where
hs and h are the highest significant orders of distortion for the
given application applied on [n] and [rn], respectively.

Most communication system standards specify the required
performance of such systems in terms of quantities that can
be measured using spectrum analyzers, so the properties of the
waveforms typically are quantified in the laboratory using spec-
trum analyzers. Although the waveforms themselves are consid-
ered to be random processes in most cases, spectrum analyzers
can only average over time, not over ensemble. Therefore, in
such applications the properties of the periodograms of ?[n]
and P[n] given by

I, pw) -— Plple” “™ 2

and

I pw) — Plnfe™ “" @)

are of particular interest, rather than traditional power spectral
density (PSD) functions [13]. It is well known that in certain
cases the expected values of the periodograms converge to the
true PSD functions in the limit as oo, but in the applica-
tions mentioned above this is not a requirement, or even rele-
vant to the measured performance. Hence, the results presented

in this paper focus on the properties of the periodograms given
by (2) and (3).

B. Signal Processing Model of the Successive Requantizer

The proposed successive requantizer architecture is shown in
Fig. 1(a). Its input is a sequence of  -bit numbers, « [n], and
its output is a sequence of K -bit numbers, zx[n], where
n 01 ... isthe time index of the sequences. The suc-
cessive requantizer consists of K quantization blocks, each of
which quantizes its input by one bit, so the successive requan-
tizer quantizes K bits overall.l

The high-level details of each quantization block are shown in
Fig. 1(b) and the signal-processing model is shown in Fig. 1(c).
Each quantization block generates a quantization sequence,

4[n], with the property that z-4[n] 4[] is an even number for
each n, where z4[n] is the quantization block’s input sequence.
The quantization block adds 4[n] to z4[n] and discards the
least significant bit (LSB) to implement the 1-bit quantization.
Without loss of generality, numbers within the successive
requantizer are taken to be integers with a two’s-complement
binary number representation. Since z4[n]  4[n] is an even
number for each n, its LSB is zero, so discarding the LSB
does not incur a truncation error. Hence, the quantization noise
of the successive requantizer is a weighted sum of the 4[n]
sequences

[n] ‘
d=

aln]. (4)

1Quantization blocks that quantize their input sequences by more than one
bit could be used. However, it is straightforward to show that this is a trivial
extension of the one-bit-per-stage case.
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So far, the only restriction on the 4[n] sequences is that
xq[n] 4[n] must be an even integer for each n and
This leaves considerable flexibility in the design of the 4[n]
sequences which is exploited in the remainder of the paper to
achieve the desired quantization noise properties.

The versions of the successive requantizer considered in this
paper partially exploit this flexibility to have first-order high-
pass shaped quantization noise, i.e., they are designed such that
the running sum of each 4[n] sequence

n

a[k] ®)

k=

a[n]

is bounded over all n and that the estimated power spectrum of

4[n] has a high-pass spectral shape. It follows from (4) that the
overall quantization noise, [n], inherits the spectral shape of
the 4[n] sequences, and similarly that the running sum of the
quantization noise

[n] * a[n] (6)

is bounded.

The restriction to first-order high-pass shaped quantiza-
tion noise still leaves flexibility in the design of the 4[n]
sequences. This flexibility is exploited in the remainder of the
paper to ensure that ?[n] for 1 . hs, and P[n] for

1 ... h are free of spurious tones, where h, and h
are positive integers. By definition, if ?[n] and P[n] contain
spurious tones at a frequency w,, then (2) and (3), respectively,
are expected to be unbounded in probability at w Wy, as

oo. Therefore, to establish that there are no spurious
tones in either ?[n] or P[n], it is sufficient to show that (2) and
(3) are bounded in probability for all |w| < = as oo. A
spurious tone at w 0 is just a constant offset. Many practical
systems are able to tolerate, or compensate for this offset so
this case is excluded from consideration. Theorems 1 and 2
in the next section present sufficient conditions on the 4[n]
sequences for (2) and (3) to be bounded in probability for every
> land 0 < |w| < m, thereby ensuring the absence of
spurious tones in P[n] and P[n].

C. Example Successive Requantizer, Appearance of Spurious
Tones, and Comparison to Prior Art

As shown in [14], first-order high-pass quantization noise is
achieved with quantization blocks that implement

0 xqln] even
ra[n] x4[n] odd [n 1] O
aln] {1(1 vn] odd ooy o1 @
1 zq[n] odd  4n 1] 1

where r 4[] is an independent random sequence that takes on the
values 1and 1 with equal probability. The results presented in
[15] imply that neither 4[n] nor 4[n] contain spurious tones.
Therefore, [n] and [n] inherit these properties provided the
rq[n] sequences for 0 ... K 1 areindependent. This is
demonstrated by the estimated power spectra shown in Fig. 2

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 55, NO. 11, NOVEMBER 2007

Estimated Power Spectra (dB)

10" 10

10°
Normalized Frequency («w/2r)

10° 10°

Fig. 2. Estimated power spectra of the quantization noise and its running sum
for the successive requantizer presented in Section Il.

Fig. 3. Estimated power spectra of the square of the running sum of the quan-
tization noise for the successive requantizer presented in Section II.

which correspond to a simulated successive requantizer with
K 16,z [n] 7, and quantization blocks that imple-
ment (7).

However, if the quantization noise or its running sum is sub-
jected to nonlinear distortion, spurious tones can be induced. For
instance, Fig. 3 shows the estimated power spectrum of 2[n] for
the simulation example described above. Discrete spikes are evi-
dent in the plot, and it can be shown that the spikes grow without
bound in proportion to the periodogram length. Therefore, the
spikes represent spurious tones. The presence of spurious tones
implies that subjecting [n] to second-order distortion is suffi-
cient to induce spurious tones even though [n] is known to be
free of spurious tones.

The spur generation mechanism can be understood by
considering the first quantization block. Suppose the input
to the successive requantizer is an odd-valued constant and

[n 1] 0 for some value of n. Then (7) implies that

[n] [n 1]) is either ( 1, 1) or (1, 1) depending on
the polarity of » [n]. It follows from (5) that [n] [n 1])
is either ( 1, 0) or (1, 0), and, by induction, [n] has the



5386 IEE

are statistically independent. Conse
guently, for any positive real numbers

(15)

pendence of the sequences for
. This implies that the probability mass
function (pmf) of the random variable conditioned on
isindependent of any ad-
ditional conditioning by
for
The statistical independence of and together with
(8) imply that is a discrete-valued Markov
random sequence conditioned on the sequence
. Whenever
matrix for is given by
(16)

Similarly, whenever
matrix for is given by

(17)

The function in Property 3 is independent ofand , so nei-
ther matrix is a function of and .

Equation (10) implies that each possible value of is
given by for some pair of integersand , , ,
SO

(18)
Given that is restricted to  possible values, is re-
stricted to  possible values where . With identical

reasoning to that used to proceed from ({15), it follows that

(19)

is even the one-step state transition
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Given that is a discrete-valued Markov
random sequence conditioned on the sequence
, the conditional pmf of given and
is equal to the conditional pmf of given ,
and . Therefore, (10) implies that (19) is equivalent to

(20)

_ _ The following de nitions are used by the theorems presented
where the second equality follows from (8) and the indelow. In analogy to the matrices and

, let

(21)

(22)

where is the set of all possible values of

is odd, the one-step state transitiorProperty 3 ensures that neither matrix is a function afnd .

It follows from (18) that each nonzero element of or  is
equal to an elementin or , respectively. For example, if
, then the element in theéh row and th column

of is equal to the element in théh row and th column of
. Inthis fashion,once and areknown, and can
be deduced.
Let
and
(23)
Suppose a sequence of vectors, con-

verges to a constant vector,, as . Then the conver-
gence is said to bexponentialf there exist constants
and such that

(24)

for all and .
Theorem 1:Suppose that the state transition matricesand
satisfy

(25)

and there exists an integer
integer

such that for each positive

and (26)
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where is a constant and the convergence of both vectorsaad the bound is independent of Similarly, can be
exponential. Then for every bounded by
(27)
for each . Moreover, the bound , which is
independent of , is umform in forall
By Markov' s Inequality [20], this immediately leads to
Corollary 1: Under the assumptions of Theorem 1,
is bounded in probability for all and for each satisfying
Proof of Theorem 1The expectation of can be ex-
pressed as (32)
which is nite, independent of , for each satisfying
- ; the bound is uniform for all satisfying
since . The result of the theorem
then follows from (28K32). [ |
o Theorem 2:Suppose that the state transition matricesand
satisfy
B (33)
(28) and there exists an integer such that for each positive
integer , the sequence transition matrices and
The notation above means that and are dened as the satisfy
rst and second terms, respectively, to the left of theymbol.
Property 2 states that , S0 it follows from (6) that
for some nite constant . Therefore, (34)
The crux of the proof is showing that there exists a constant
positive constants , and a constant such that where is a constant and the convergence of all vectors are

for

(29)

The proof of (29), is outlined in Lemma 1 in the Appendix. Her

(29) is used to complete the proof of the theorem. From (28),
can be expressed as

(30)

From (29) it is seen that

(31)

exponential. Then for every
(35)
gor each . Moreover, the bound , which is
Independent of , is unlform in forall
By Markov's Inequality, this immediately leads to:

Corollary 2: Under the assumptions of Theorem 2,
is bounded in probability for all and for each satisfying

Proof of Theorem 2The proof is identical to that of Theorem
1. Replacing and with and respec-
tively, the crux of the proof is showing that there exists a con-
stant , positive constants , , and a constant
such that for

(36)

With (36) proven in Lemma 2 in the Appendix, the remainder
of the proof follows directly from Theorem 1. [ |

IV. A SUCCESSIVEREQUANTIZER THAT SATISFIES
THEOREMS1 AND 2
A. Veribcation of Example Matrices

Matrices , , ,and whichcanbe used withthe suc-
cessive requantizer to generate quantized sequences and satisfy
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Fig. 7. Estimated power spectra of (a) the quantization noise sequences, and (b) the running sums of the quantization noise sequences ob(olagisise fr
left) the successive requantizer presented in Section IV with a periodic full-scale sinusoidal input, the noise shaped coders[ft®n [16]

It is seen that the above expression isnite sum of terms of The right side of (52) is computed by conditional expectation as
the form follows:

(52)

where and are positive integers less than or equal tdt
thus suf ces to establish a bound for of the form

(53) (54)



